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Abstract

We study the asymptotics of the heat trace Tr{ fPe ' ’ } where P is an operator
of Dirac type, where f is an auxiliary smooth smearing function which is used
to localize the problem, and where we impose spectral boundary conditions.
Using functorial techniques and special case calculations, the boundary part of
the leading coefficients in the asymptotic expansion is found.

PACS numbers: 02.40.Vh, 03.70.+k
Mathematics Subject Classification: 58J50

1. Introduction

Let P be an operator of Dirac type with leading symbol y on a vector bundle V over a compact
m-dimensional Riemannian manifold M with smooth boundary dM. One may choose a
Hermitian inner product (-, -) and a Hermitian connection V on V so that y is skew-adjoint
and so that Vy = 0 [11]; such structures are said to be compatible with the given Clifford
module structure y. Let indices 7, j range from 1 to m and index a local orthonormal frame
{e;} for the tangent bundle of M. We adopt the Einstein convention and sum over repeated
indices to expand

P =¥V, +¥p

where ¥p is a smooth endomorphism of V; the sign convention for ¥p differs from that in
[11, 12]. Note that the matrices y; are skew-adjoint endomorphisms of V satisfying the
Clifford commutation relations

Vivi+vivi = =28
If 0M is non-empty, then we must impose suitable boundary conditions. For m even,
P always admits local elliptic boundary conditions; see, for example, the discussion of bag

boundary conditions in [7, 8]. However, if m is odd, there is a topological obstruction to the
existence of local boundary conditions for certain operators. We therefore introduce spectral
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boundary conditions; these boundary conditions, which are defined regardless of the parity of
m, play a crucial role in the index theorem for manifolds with boundary [3].

Spectral boundary conditions were first introduced by Atiyah et a/ [3] in their study of the
Hirzebruch signature theorem for manifolds with non-empty boundary. The crucial point at
issue was the definition of a suitable elliptic boundary value problem for the signature operator
whose index was the signature of the manifold. Although the de Rham complex, whose index is
the Euler characteristic, admits local boundary conditions (i.e. boundary conditions which are
amixture of Robin and Dirichlet), the signature complex does not. The signature complex does
admit spectral boundary conditions—these are pseudo-differential boundary conditions—and
their introduction was a crucial turning point.

In order to describe these boundary conditions, near the boundary we choose a local
orthonormal frame so e, is the inward unit geodesic normal vector field and {e,} for
1 < a < m — 1is the induced orthonormal frame for the tangent bundle of the boundary. Let

yaT ‘= ~"VYmVa
be the induced tangential Clifford module structure. Let ¥4 be an auxiliary smooth
endomorphism of V|;,. Consider the auxiliary operator of Dirac type on V|3

A:=yIV, + 4.

Assume A has no purely imaginary eigensections. Let C be a suitable contour in the
complex plane containing the spectrum of A with positive real part. Let
T = %/(A—)\)—'d,\
A a1 e
be the spectral boundary operator; IT7, is spectral projection on the generalized eigenspaces
associated to eigenvalues with positive real part. Let P4 be the realization of P with respect
to the boundary conditions defined by IT7.

The spectral information regarding this boundary value problem is encoded in the zeta
function and the eta function which are defined as follows. Assume for the sake of simplicity
that P, is self-adjoint (we will be forced to drop this requirement presently). Let (;, ¢;) be a
spectral resolution of Py; {¢;} is a complete orthonormal basis for L?(V) such that

PA(pl =A.1§0[, Hj‘—\(pl|8M =O

Then the zeta function associated with P3 is

t(si PoA) =Y ()" (la)

M0

valid for is > m/2. Note, the fact that P, as a first order differentiable operator can have
positive and negative eigenvalues does not enter the zeta function of the Laplace-type operator
P2. However, the sign is taken into account defining the eta function of P,

n(s; P, A) := ) sign()Ih|™, (1b)
M0

valid for Rs > m — 1. Similarly, one can define ¢(s; A) and n(s; A); since dM is closed,
there is no boundary condition required.

Although the above series representations (1a) and (15) are valid only in the given region of
the complex s-plane, the eta and zeta functions can be analytically continued to meromorphic
functions defined on the whole complex plane. The value n(0; P, A) is essential for the
description of the index of Pj,.
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One can also discuss the heat trace. Let ¢ be the ‘initial temperature distribution’ and let
uy(t, x) denote the subsequent temperature distribution. Then u(z, x) is determined by the
equations

0; + Pz)u¢(t, x) =0, H;‘MH&M =0 and uy(0,x) = ¢ (x).

The associated fundamental solution K : ¢ — ug is then given by K = e A, Let dx
and dy be the Riemannian measures on M and on d M respectively. There exists a smooth
endomorphism-valued kernel K (¢, x, X, P2, A) : Vz — V, such that

ug(t, x) = (Ke)(t, x) = /M K(t,x, %, P2, A)¢(x)dx.

For fixed ¢, the operator [C(f) : ¢ — ¢ (¢, -) is of trace class. For F € C*°(End(V)) a smooth
auxiliary smearing endomorphism used for localizing the problem, we define

a*(F, P, A) :=Tr2(F e—”’i) = / Try, (F(x)K (¢, x, x, P%, A)) dx
M

a'(F, P, A) = TrLz(FPAe_’PAZ) :/ Try, (F(x)PAK (t, x, x, P?, A)) dx.
M

Grubb and Seeley [25] showed that there are asymptotic expansions as ¢ | 0" of the form
m—1
at(F. P, A) ~ Y al(F, P, A" ™+ O(Int),
n=0
m—1
a'(F, P, A) ~ Y al(F, P, A)t" "2+ 0" Int).
n=0

(o)

We refer to the coefficients a5 and a,) as the zeta and eta invariants respectively.

We note that there are in fact full asymptotic series for a® and a”. However non-local
terms and log terms arise when n > m. Since we shall assume that n < m, these terms play
no role for us. We shall normally assume that ' = f - Id where f € C°(M) is scalar valued,
but it will be convenient occasionally to have this more general setting available.

The Mellin transform can be used to relate the zeta and eta functions and the small-¢
asymptotic expansion of the heat-trace. For f = 1, one has [21, 41]

m—n ay(1, P, A)

Res¢ | —— P A)= ———,
2 r(=:*)
2a,(1, P, A)

r(=5=)

Res n(m —n; P, A) =

Similar formulae hold for the general endomorphism F; this will play an important role in our
subsequent development.

The heat trace coefficients aﬁ and a, of equation (1¢) are locally computable for n < m;
they play a crucial role in many areas. For example, the particular coefficient a,f, is relevant in
the quantum mechanics of closed cosmologies, where it describes how quantum effects modify
the behaviour of the universe near classical singularities [14, 18, 40]. More generally, the
leading coefficients a,%, n=0,1,..., mare needed in different quantum field theories. These
theories are generically plagued by divergences which are removed by a renormalization.
In the zeta function scheme [17], as well as in the framework of recent developments of
algebraic quantum field theory [33], at one-loop, divergences are completely described by the
leading coefficients. As a result, their knowledge is equivalent to a knowledge of the one-loop
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renormalization group equations [43], which provides one reason for the consideration of heat
kernel coefficients in physics. In addition, if an exact evaluation of relevant quantities is not
possible, asymptotic expansions are often very useful and most suitably given in terms of heat
kernel coefficients [5, 15]. In this context of quantum field theories, apart from cosmology,
spectral boundary conditions most prominently make their appearance in bag models where
they have important advantages over local elliptic boundary conditions. In particular, it is the
only self-adjoint boundary condition which respects the charge conjugation property and the
so-called ys symmetry [19, 27, 34]. In Euclidean gauge field theories, this property enables
one to consider a compactified Dirac problem where spectral information such as functional
determinants are directly related to the original problem [28, 42].

Whereas the above relates to aﬁ, the n-function arises in the analysis of fermion number
fractionization in different field theory models [35, 36, 39]. The fermion number N is a
transcendental function of the parameters of the theory and is related to 1(0; H, A) of the
pertinent Dirac Hamiltonian H and boundary operator A. In a simplified consideration [30]
the fermion number of the vacuum will be formally obtained by filling the Dirac sea,

N = [number of negative-energy states of H]
= %{[(numb. of pos.-en. states of H) + (numb. of neg.-en. states of H)]
— [(numb. of pos.-en. states of H) — (numb. of neg.-en. states of H)]}

Regularizing this divergent expression it becomes (1/2)[0 — n(0; H, A)]. A rigorous proof
can be found in [31].

Furthermore, interpreting (1a) and (1) as a moment problem for the spectral density
function, even and odd part of the density can be found provided ¢ (s; H, A) and n(s; H, A)
can be evaluated [37]. Knowledge of the leading coefficients ay, respectively a, amounts to
an asymptotic knowledge of the even and odd part of the density for large eigenvalues |A;|
opening up the possibility for the approximate evaluation of different quantities in quantum
field theories as for example the finite temperature induced fermion number [36].

The invariants afl have been studied extensively [16, 23, 25, 26]; the invariants a, have
received a bit less attention. We may decompose

al(F, P, A) = aSM(F, P) +al™(F, P, A),
and
a'(F, P, A) = a"™(F, Py +a"™(F, P, A)

as the sum of interior and boundary contributions. There exist local endomorphism valued
invariants efl’M(x, P) and eZ’M(x, P), which are homogeneous of weight n in the jets of the
total symbol of P, so that

asM(F, P) = / Tr{F (x) ;™ (x, P)} dx,
M
and
al™(F, P) = / Tr{ F(x) el (x, P)} dx.
We note that there is a parity coﬁstraint for the interior invariants

a&M=0 if n isodd and a™ =0 if niseven.

Formulae for the invariants aﬁ’M forn = 0, 2,4, 6,8 follow from work of [2, 4, 20, 32];
similar formulae for the invariants a,, M are known for n = 1,3 [11].
Let VX F denote the kth normal covariant derivative of the endomorphism F. There are

local invariants efl”zM (y, P, A) and eZ:,‘ZM(y, P, A) which are homogeneous of weightn —k — 1
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in the jets of the total symbol of P and of A so that
a5 (F, P, A) = Z/BM Te{VEF(y) - €52 (v, P, A)} dy
k<n
and
al™(F, P, A) = Z/zw Te{V, F () - ey (v, P. )} dy.
k<n

Let €2;; be the curvature of the connection V. We define

1 m ' me1\!
Wij = Suj = 7 Rijuvive. p(m) =T (5) rz) r ,

and

1 1 1
E = E(lﬂP;iJ/i —ViV¥pi) —Yh — Z(WPV:’ +yive) ey +vivp) — EViVjWij - %T.
Let T := R;j;; be the scalar curvature and let L,; be the second fundamental form. We can
use [11, 16, 23] to see
Theorem 1.1. If P, is self-adjoint, if A is self-adjoint, and if F = f - 1d is scalar,
(i) aé(F, P, A) = (4x)™"/? fM f Tr{Id}dx.

(ii) If m > 2,a{ (F, P, A) = (4m)~""D2L(B(m) = 1) [,,, f Tr{ld}dy.
(iii) If m >3, a5(F, P, A) = (4)™/ [,, f Tr{t7ld + E} dx

+@m) =2 [ A3 (1= 37Bm)) Laa f — 2(";—*_12)(1 — L1nB(m)) .} Tr{1d} dy.

We refer to [23] for the corresponding computation of ag (f, D, B). In this paper, we
establish formulae for a, without self-adjointness assumptions:
Theorem 1.2. Let F = f - 1d be scalar, then

(i) aj(F, P, A) = 0.

(ii) Ifm > 2,a{(F, P, A) = (4n)""/*(1 —m) [,, f Tr{¢p}dx.
(iii) If m > 3,4} (F, P, A) = (4m)= "=V [ fTef 22 (B(m) — D¥p — jBm)ymia) dy.
(iv) If m > 4,aj(F, P, A) = —g5(40) ™" [\, f Tr{[20m — D¥pyi +3(4 — m)Ypyivrp

+3y;¥pyiviveli + G —m){tp + 6y Wiithp — 6% prpiyi + (4 — m)YpYrpp

— m—3)(m—
+39pYpypy) dx + G2 [ Te{ @S2 (1 — S B(m)) finre
—m)? —m

— [ (W Ya + YnVpym¥a) + 352 (1 = 37B(m)) LaaVrp

+ L (1 = SBm)) — £ (m — D e

- f4(3n;in2) (VaT wP yaT 1/’/1 —Va I//P yawA + 2Vm )/aTlﬁAVaTlﬁA)

+ 3=y (1= 370 0m = D)) (153 f Laa + fom) Ym¥a }dy.

As the interior integrands a;”M and a; M were determined previously by Branson and
Gilkey [11], we shall concentrate upon determining the boundary integrands.

Here is a brief outline to the paper. In section 2, we derive some basic functorial
properties of these invariants. One of the peculiarities of using the ‘functorial approach’ is that
it is necessary to work in a very general context and then specialize subsequently. To employ
this method, we will have to work with operators which are not self-adjoint despite the fact
that the examples which arise in practice are usually self-adjoint. In section 3, we express the
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invariants a, M in terms of a Weyl basis with certain undetermined coefficients and begin the
evaluation of these coefficients. We complete the proof of theorem 1.2 in sections 4 and 5 by
completing the determination of the coefficients.

2. Functorial properties
We refer to [22, 23] for the proof of the following result which describes the adjoint structures:

Lemma 2.1. Let P* be the formal adjoint of P, let A* be the formal adjoint of A, and let
A* = v, A .

(i) The operator A* defines the adjoint boundary condition for P*.

(ll) We have I/fP* = Iﬂ;’ IPA* = ‘(ﬂ;’;, and w‘A# = lepzym + L(wId.
(iii) If Yp is self-adjoint, and if Y4 = YW1 Vm + Laald, then Py is self-adjoint on L2(V).

The next observation follows from work of Grubb and Seeley [26].

Lemma 2.2. Let n < m. Assume that the metric on M is product near the boundary, that Py
is self-adjoint, that A is self-adjoint and that the coefficients of P and of A are independent of
the normal variable near the boundary. Let F be an endomorphism of V- whose coefficients
are independent of the normal variable near the boundary.

(i) If n is even, then a&™(F, P, A) = —maz_l(ﬂ A).

(ii) If nis odd, then ay ™™ (F, P, A) = L(B(m —n+1) — Da’_,(F, A).
Taking the adjoint yields yet another useful property.

Lemma 2.3. Let n < m. Let (P, A) be real operators on a real bundle V. Suppose V is

equipped with a fibre metric. Let P* be the formal adjoint of P and let F'* be the adjoint of F.
Set A* = Y A* Y. Then al®™ (F, P, A) = a"*™ (F*, P*, A").

Proof. As we are in the real setting, taking the complex conjugate plays no role. Consequently
Trp2{ FPe ' Pi) = Trpa [ F*pre ' P07),

The lemma follows by equating powers of ¢ in the asymptotic expansions and by using
lemma 2.1 to see that A* defines the adjoint boundary condition. ]

There is a useful relation between the ¢ and the 7, invariants.

Lemma 2.4. Let F € C*®(end(V)). Let (A, P) be as above and let n < m.

(i) Let P, := P +¢F. Then
(a) d:a)(1, P, A) = (n — m)a,_,(F, P., A).
(b) d.an(1, P, A) = —2a"_|(F, P, A).

(ii) Let P, :== P +¢1d. Then
(a) d.a)(F, P;, A) = (n — m)a,_,(F, P., A).
(b) d.ay(F, P, A) = —2a"_|(F, P, A).

(iii) Let P, = e %' P where f is a smooth scalar function vanishing on dM. Then
dean (1, Pe, A) = (m — n)aj (f, Pe, A).
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Proof. To prove assertion (1), let P, := P + & F. We compute
Z 3eal(1, Pe, A" =m=D/2 < 3 Tr[ P, e P} = Tr[ F(1d — 20 P?) e *Pin )

= (1+20)Te{ Fe P} ~ (1+208) Y aj (F, P, Ayr*=m/2
k
= Z(l +k —m)aj (F, P, Ayt*=m/2,
k
Setting k = n — 1 and equating terms in the asymptotic expansions establishes assertion (1a).
Similarly, we compute

> 8.al (1, Po, Ay ~ g, Trfe P
n
= 2 Te{FP. e} ~ 3" —24](F, P, Ayt=mDP2,
k
Again, equating coefficients in the associated asymptotic expansions yields assertion (1b); the
proof of assertion (2) is similar and is therefore omitted. To prove assertion (3), we compute

> 8.al(1, Py, A"V~ g Te{ Py e i)

= —Tr{f(Pg - 2tP83) effPsA} — _(1 + 2t8t) ’1"1.{](‘1)‘E eftPﬁA}
=— Z(l +(n—m — 1)al(f, P, Aytm=b/2,

Assertion (3) now follows by equating coefficients in the asymptotic expansions. ]

We will need the following lemma to apply lemma 2.4. It involves a formula for
endomorphism valued smearing functions which is related to the product case and which
generalizes the formula of theorem 1.1 (3).

Lemma 2.5. Assume that the metric on M is product near the boundary, that Py is self-
adjoint, that A is self-adjoint, and that the coefficients of P and A are independent of the
normal variable near the boundary. Let F be an endomorphism of V whose coefficients are
independent of the normal variable near the boundary. If m > 3, then

a5 (F, P, A) = (4mr)™"/? /MTr {F (ér + E) } dx

1
— —-m/2 _ T T
2m =2 /aM Te{G —m)Fya+ Fy, ¥avy }dy.

Remark 2.6. To ensure that P4 is self-adjoint, we impose the relations of lemma 2.1 (3).
Since L,, = 0 by assumption, this means that ¥4 = ¥, 4y, and hence Tr{y¥r4} = 0. Thus
aé"’M(Id, P, A) = 0; this is in agreement with theorem 1.1 (3).

Proof. We refer to [12] for the determination of the interior integrand. Let N = M. We
apply theorem 1.1 to the operator A on the closed manifold N to see

1
a1, A) = _5(4”)_(m_1)/2/NTr{ﬂd+ (12 = 6(m — )Yz +6Yay, Yay, } dy.

We set A, := A + ¢F. By lemma 2.4, with an appropriate dimension shift,
~2a{(F, A) = 3l a5 (1, A,)
1

_ _6(47,)—(171—1)/2/ Tr{ F[(18 — 6m)yra + 6y, ¥av, |} dy.
N
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Combining this result with lemma 2.2 (1) then yields

1
aé,aM(F, P, A) = _Wa?(ﬂ A)

_;(47[)—’”/2/ Tr{(18—6m)F¢A+6F)/T1!/AVT}d)’ O
12(m — 2) aM ‘ ‘ .

3. A formula with universal coefficients

As al(F,—P,A) = —a, (F, P, A), the boundary contributions, which are homogeneous of
weight n — 1, must be odd functions of P. Consequently, they vanish for n = 0, 1; assertions
(1) and (2) of theorem 1.2 now follow. Furthermore, we have:

Lemma 3.1. There exist universal constants c;(m) so that

(i) af™(f, P, A) = @)D [ FTeleh Wp + c2ymra) dy.

(ii) ar™ (f, P, A) = (4m)™2 [, Te{cd FymWh + c fvmy I wpv wp + 5 fym
+ 8 fUpYa+C) fYmWpYmWa+ch fyvIvpyIva+c) fra¥pYa¥ia
+ O [YmVd UavIva+es fUpm + el fLaaWp + 3 fomWp + o f (v ¥p).,
+ 0 f LaaYmWa + €0 fomYmWa + 3] f (Ya¥a)a} dy.

Many invariants do not occur because the trace over an odd number of y-matrices is zero.
Furthermore, invariants of the form W,;,y,,v,¥» and W,,,y, are omitted as their trace vanishes
as well.

We begin our study of these coefficients by varying the compatible connection chosen.

Lemma 3.2. We have the relations:
(i) 3 =0.
(i) 8 —c! +(m —1cd +(m — 1)), =0.
(iii) cg +cl +(m—3)d —(m—3) +2(m — 3)631 =0.
(iv) cg + cZn —(m— 3)cl§1 +(m — 3)c,9n +2(m — 3)c;10 =0.

m m m

Proof. There always exist Hermitian connections so Vy = 0, see for example [11]. There
are, however, many such connections. If w := g; e’ is a purely imaginary 1 form, then
V := V — wld is again a Hermitian connection with Vy = 0. One has

Vp=Yp+o0ivi and Va=va+opy -
Clearly a, does not depend on the particular connection chosen. We exhibit the terms which

are linear in ¢ and omit the remaining terms to derive the following equations from which the
desired relations of the lemma will follow:

Tr{c) ¥ p) = =26, 0mTr{Yp} +- -,

{

Tr{c) ym¥3} =0+ -+,
{
{
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Te{ S v U py) Fa} =& Te{(m — Dowym¥a — m = 3)opysra + (m — )¥popyy } +- -+,
Tr{c) vaW pVaWa} = ¢, Te{(m — D)onym¥a + (m — 3)opypa — (m — 3Wpopyy } +- -+,
Te{e, Yy Favl ¥a) = ¢ Te{20m — 3)ymosy vra} +---. .

We shift the spectrum of A to show

Lemma 3.3. We have the relations:
(i) ¢ =0.

(i) & =c! and ¥ = —c).

Proof. If we replace A by A + €ld, then the boundary condition is unchanged for small values

of &. We set 1} A = Y4 + ¢ld, exhibit only the linear terms, and omit all terms which are not
linear in ¢ to derive the following equations:

Tr{cnymPat = 26, Trivmeyal + -+,
Tr{cSvpial = & Tr{eyp}+- -,
Tr{c) vmWpymWa} = —c, Trisyp) +---,
Te{chva Vevy Wa} =, Tri=(m — Deyp}+---.
Tr{c) va¥rva¥ia} = ¢, Tri=(m — Deyrp) +---,
Tr{cp ViV Wayy Ua} =0+
Assertion (1) follows. Furthermore, we have
O:cf’n—czn—(m— l)cfn—(m— l)c?n.
Assertion (2) follows from this equation and from lemma 3.2 (2). O

Lemma 3.4. We have c}* = 0 and c!] = 0.

Proof. We work on the flat annulus M := T" ! x [0, 1]. Let h, and H, be real smooth
functions on M. We set

P =3 +ehyy! and A=yl +eHyyp.

Let F = f - 1d be scalar. The presence of the smearing function f ensures the boundary and
interior integrals do not interact. Modulo terms which are O (?), one has

a;’(F, P,A) = —8(471)_'"/2/ Tr(f{c,fhb;b + c,l,ZHb;b}) dy + 0 ().
M
By lemma 2.1,
P* = y,07 —ehay!, Vpe = —ehay],
A =y, A%V = Vi (v 02 — €HpYb) Vin Yar = —eHyYs.
Consequently, there is a sign change
al(F, P*, A*) = e(dm)™/? / Te(f {en b + ¢, Hyp })dy + O (7).
oM
By lemma 2.3, a] (f1d, P*, A*) = aJ(f1d, P, A); the lemma follows. O
We use conformal variations to show
m—=3 |16

15 _
Lemma 3.5. c,) = 7=>c,’.
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Proof. Let f be a smooth function with flssr = 0. Let ds*(¢) = e?*/ ds? and let
P(e) := e ®/ P. Let V be a unitary connection with Vy = 0. Let x = (xy,...,x,) be
a system of local coordinates on M. Expand P = y"V, + ¥p and use the metric to lower
indices and define y,,. Define a smooth 1 parameter family of connections
€
V(e)s, := Vo, + E{f”,y”yﬂ + fiu).
Results of [16] show V(¢)y (¢) = 0 and V(¢) is unitary. Furthermore,

m

2
We suppose ¥ p = 0. We study the term Tr{ f.,, ¥, ¥4} and compute:

—1
Yp(e) =e {wp - 8f;m} and Vale) = Ya.

m—1
¢ |e=0 Tr{cszwA +C,Z,VmeymWA} = _—(C,én - CZ1) Tr{f;mymwA} =0,

2
(m —1)?
e |e=0 Tr{cfnyaTwPVaTI/fA + Cfn)/allfPVaI/fA} = _T

Oele=0Laa = (1 — m)f,m

We concentrate on the term Tr{ f.,, ¥, ¥4} and compute

{Cfn + C?y[} Tr{f;mymwA} =0,

dele—oaj(1, P(e), A) = (4m) ™™/ / B Te{(1 — m) fnYm¥a) dy
oM

= (m —3)aj(f, P(e), A) = (4mr)™"/? / e Tr{(m — 3) fmYm¥aldy.
oM
The lemma now follows. O

We study a variation of the form P, := P + ¢ld to establish

Lemma 3.6.

(i) ¢}, = E2(B(m) — 1).
(ii) €7 = 332 (1 = 3mB(m)) and ¢} = L7205 (1 — 3B (m)).

Proof. Let ¢/p be self-adjoint. Set 4 := %Ltmld; then A* = A* = A and P, is self-adjoint.
Let P, := P + ¢ld. By theorem 1.1 and lemma 2.4

deleo al®™ (f, Py, A) = (4)~ "D/ / b fTr(ldydy = 2 — m)as™ (f, P, A)
M

2—m

= (47r)“’"‘“/2T(ﬁ(m) -1 / f Tr{ld} dy
oM

Assertion (1) follows. To establish assertion (2), we compute

1

e pva + hymbevn¥ia) = 5 (e =€) Y p Laa) =0,

(1 —m)
2

Tr{cﬁlyaTwPVaTI/fA + c;)nyad/Pyal/fA} = (Cﬁl + C?n) Tr{yrpLa} =0,
T

dele—o i Te{ymyd vyl e} = ¢ Te(vmvl v Up + v vvd ¥p) = 0.

Consequently again by theorem 1.1 and lemma 2.4 one has
Oclemoai ™ (f, Pey A) = (4m) ™ f Tr{c,, fon 1A+ 7 f Laa} dy
oM

= (3 —mya;™ (f, P, A)
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1 3
=@B-m) /BM {5 (1 - Zﬂﬁ(m)) Laa f

m-1 (1 Tr{ld} d
—m< —Eﬂﬂ(m)) f;m} r{ld} dy.
Assertion (2) follows. O

4. The variation P, := P +eF

In this section, we will study 8861;7 (1, P., A). There is a non-trivial interaction between the
boundary and interior integrals that must be dealt with. Our basic identity is provided by
lemma 2.4,

dle—oay (1, Po, A) = (3 —m)as (F, P, A). (4a)

Let F be endomorphism valued. Then
nM 1 —m/2
Ocle=0az™ (1, Pe, A) = — 1= (47) Tr{[20m — DF,; +3(4 —m)Fy;yp
M

+3@ —m)Fypyi +3Fy;viypy; +3FyiYpyvili
+@—m)[Ft+6Fy;y;W;; —6FYp;y;, —6F,;y,¥p+3(4 —m)Fypp
+3FYpyivpyvi +3Fyivpyive + 3Fyiypypyil} dx.

On the other hand, by lemma 2.5,

tM _ 1 —m)2 2
a,” (F,P,A) = —E(4ﬂ) / Tr{F(t + 6yiy; Wij + 6y ¥pi — 6Ypiv; + 1295
M

+3YpyiWpyi + 3V ey + 3V ¥pyvive — 3myp) ) dx.

Consequently, we may integrate by parts to see
1
9.1 (1, P, A)lemo — G —m)as™ (F, P, A) = —E(4n)"“/2/ Tr{[2(m — 1) F,
M

+3@ —m)Fyyp+3@4 —m)Fypy; +3Fy;yivpy; +3yiVpyviFli
—6(B —m)F,;y;¥p —6(3 —m)Fyyp,;}dx

= 1—12(47r>—'"/2 / Tr{2(m — D) F. +3(4 — m)Fyup +3(4 — m)Fypym
oM

+3FyjymVpyj +3Fyj¥pyivm — 63 —m)Fy,yp}dy. (4D)
8

After setting ¢2 = ¢ =0, ¢! =8 and ¢} = —c?, one has

m > m

8,.a1 M (1, oy A)loco = (d) "2 / (e F Wrvmyd + vyl vy
oM

+ S F(Ya+YnWavm) + o F (vl vay) — vaWava) + ¢y Fon + ¢t FLag ) dy.
(4¢)

There are several different settings where we know ag’aM. For the next two lemmas,

to ensure that P4 is self-adjoint, we shall assume ¥p and 4 are self adjoint and that
Y4 = VYm¥a¥Ym + Lag1d. We begin by applying theorem 1.1.

Lemma 4.1. We have
R (m—3)m-—1)

1 1
- = =2 (1 — Enﬁ(m)) — g(m —1).
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Proof. We take F' = f - Id to be scalar and set P, := P + ¢F. The terms involving Tr(ir4)
and Tr(y,, ¥ p) cancel and we have

0= 3:al(1, P., A)|e—o — 3 —m)as (F, P, A)

- Tr{Id}(4n)”"/2[ {(é(m - D+ c;})ﬁm +¢ 2 fLaa

oM

3em/ 3 m—1G—m [ 1
_ _(1 _ Zn,B(m))Laaf ; —(1 - Enﬂ(m))f;m} dy.

3 2(m —2)
We equate the coefficients of f L, to determine a value for ¢!> which agrees with that obtained
in lemma 3.6. Equating the coefficients of f.,, determines c). O

We apply lemma 2.5 to prove

Lemma 4.2. We have the relations:

. 6 __ _(37m)2 8 _ _ _3-m
(i) Cn = 4(m-2)’ and Cm = 4(m-2)"
A 10 _ (3—m)
(ii) ¢, = 0,and c,) = =257,

Proof. We assume the structures are product near the boundary. We first study the
terms Tr{F ¥4} and Tr{y,Fy,¥a}. Since L,; = 0, Yu¥aym = ¥4. We compute using
equations (4b) and (4c) that

CmOele=0Tr(Wp WA + V¥ pYm¥a) = 265 Tr(F ),

endele=oTe{ v Wrv va — vaweva¥a} = =265 Trlya Fyara).

Thus lemma 2.5 yields

(471)—'"/2/6 Tr{2¢5 Fyra — 2¢5 FyaWaya} dy +- -
oM

3—m —m
= —5———(4m) /2/ Te(FG —m)Ya — FyaWaya)dy+---.  (4d)
2(m —2) oM
To complete the proof of assertion (1), we must show equation (4d) yields two linearly
independent relations. If we set F' = ¥4 = /=1y, then ¥} = ¥a, Yn¥avm = Va, and

Tr(Fra) = Tr{ld} and Tr(Fy,Yay.) = (m — 3) Tr{Id}.
If weset F' = ¥4 = y112y3, then Yy = Ya, Y VWaym = A, and
Tr(Fra) = Tr{ld} and Tr(Fy,Yay.) = (m — 7) Tr{ld}.

Assertion (1) follows. Assertion (1) and lemma 3.2 imply assertion (2). O

5. A special case calculation on the ball

In order to find the remaining unknown coefficients ¢ and c!® we evaluate the leading
coefficients in the asymptotic of the eta invariant for an example on the ball. We first describe
the setting considered.

Let r € [0, 1] be the radial normal coordinate and dX? the usual metric on the unit sphere
S™=1. Then the standard metric on the ball is ds*> = dr? + r> dX?. The inward unit normal
on the boundary is —d,. For this metric, the only nonvanishing components of the Christoffel
symbols are

1. 1
Cape = =Lape and Cabm = —8ap;
r r
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the second fundamental form is given by L,, = J8,. We will use [ upe to refer to the
Christoffel symbols associated with the metric d%? on the sphere S”~!. We will consider the
Dirac operator P = y"9, on the ball; we take the flat connection V and set ¥ p = 0. We
suppose m even (there is a corresponding decomposition for m odd) and use the following
representation of the y-matrices,

B 0 V=1 Yam-1)

Yam) = (_\/_—1 Vatm—1) 0 )
and

0 V=11,

Ym(m) = (\/_—1 1 0 ) .

We stress that the matrices y; () are the y-matrices projected along some vielbein system e;.
We decompose ~V j=ej+wjwherew; = ir jkIYk(m)Yin) 18 the connection-1 form of the spin
connection. If V denotes the connection on the sphere, we have

L((V., 0\ 1,
Va—;((o v)*iyaw)'

This allows us to decompose the Dirac operator on the ball into a radial part and a part living
on the sphere. In detail, if P is the Dirac operator on the sphere, we have

p_ (0 _m-l L] 0 V—1P
B 2r Yimem) r \—+/—1P 0 '

Let d; be the dimension of the spin bundle on the disk; d; = 2"/? if m is even. The spinor

modes Zf ) on the sphere are discussed in [13]. We have

m—1

ﬁ2$>(9)=i<n+ )zi’)(sz) for n=0,1,...:

n

1 —2
d,(m) := dim 2{"(@) = 7d, (’" i ) .

Let J, (z) be the Bessel functions. These satisfy the differential equation [24]
d*Jy(z)  1dJ,(2) v?
+ - +{l——=)J,(x)=0.
dz? 7 dz z2 @

Let Ppy+ = pue. be an eigenfunction of P. Modulo a suitable radial normalizing constant
C, we may express

+) C Y% _1Jn+m/2(l“fr)z-5—n) (Q)
b= = Lmon o) ’ (3a)
r 21 (W) 23" ()
and
o C [ Ehwmp 1w Z(Q)
¢x = o\ e ) (56)
r _l-ln+m/2(/~'l‘r)z— (Q)
We next impose the boundary conditions. We choose for € € R the boundary endomorphism
Va4 = €Ymem + %Laa Id (5¢)
such that

l[,A = Ym(m) 1/’; Ym(m) + Laa Id.
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This guarantees that Py is self-adjoint (see lemma 2.1, assertions (2) and (3)). For this setting
the general form of the leading coefficients for the eta invariant are obtained from lemmas 3.1
and 3.5. Noting that the volume of the (m — 1)-dimensional sphere is 27"/2/T"(m/2), and
that

Tr{ymya} = —ed;,

one finds

, €dgJT
mAam=21 (%) ’
o (m — )ed,
" ()

ag(l, P,A)=—c (5d)

aj(l1,P,A)=c (5e)

Thus finding explicit answers for this example will allow us to determine ¢2 and c!®. We
proceed towards this goal.
For the ¥4 given in (5c) the boundary operator A is given by

—P e
A= <.
<ie P>

We need to find the spectral projection on those eigenspinors of A whose eigenvalues have

a positive real part. The endomorphism 14 chosen allows us to obtain closed forms for all

eigenvalues £, and eigenspinors (ozli, af) defined by the differential equation

A(xf[_—ﬁ i€\ (of 4 af
a;E_ ie P aét_ﬂn(xzi.

A =n+31m—1)

Let

be the eigenvalues associated with € = 0 [23]. One can then show that

Un = /A2 — €2

and
(a1+> Y AL A
o (V22 =@+ 2) 28 + A (VAT = = 2) 22
_ (n) _ J—1e »(n)
<O,1> B Zy — ezt
-] 1 (n) 1 (n)
o —ﬁ( 22— € =) 28 + 5 (VA2 — €+ h,) 2T

We choose € < (m — 1)/2 such that all eigenvalues 1, are real. The solutions are normalized
such that in the limit € — 0 they reduce to the previously determined solutions in [23].

We want to suppress the projection on the positive spectrum of A. Using the solutions
given in equations (5a) and (5b) this is easily accomplished. Projecting <p§;r ) onto the positive
spectrum of A gives the implicit eigenvalue condition

J)L”,%(M) + J)L,,+% (1) =0,

2 _¢2
AL —€c+ A,

whereas projecting <p§;) produces

1
L G0 £ (Y27 =€ = d) 0y (W) = 0.
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Combining the equations for the positive eigenvalues of P4, we have the condition

oy ) = e, ) ) (7 1()+1(,/A2—e2—,\)J () ) =
a— Lt 22—+ Ay ard (L a— L c n n) S+ (L) ) =

For the present purpose it will be sufficient to find the unknown multipliers ¢2, and c}6
multiplying a linear term in ¢ 4. Therefore we only need to pick up linear terms in € and we
will consider only terms up to the order € explicitly. Having that in mind we write the implicit
eigenvalue condition for positive eigenvalues instead as

St (1) ( Jp—1 () = JA,L+§(,U«)> +0(e?) = 0. G5
To simplify the notation, set
pP="i—3 and dy(m) = dp(m).
Furthermore, we use the recursion for Bessel functions, see [24],
d
% Jp(@) = pIp(2) = —z2Jpn1(2),

to rewrite (5 f) such that only the index p appears,

€p € 2
Ip() <Jp(u) [1 T+ 1/2)} Py 1/2-],,(M)> +0(€’) =0. (g)

Proceeding similarly with the negative eigenvalues of P4 the outcome is

€p € 2y
Jp(u) <Jp(lt) [1 + M(P+1/2)} p+1/21p(M)> +0(”) =0. (5h)

Using Cauchy’s residue theorem these equations allow us to rewrite the eta function

nis; P, A) =y (sign(u))|u|™
"

in terms of a contour integral, a technique recently described in detail in [8—10, 29]. The
coefficients in the asymptotic expansion (1c) are then determined by evaluating residues of n
according to [21]

2a,(1, P, A) .
Resn(m —n; P, A) = ————+— (510)
r(*5+)
We will need the residues at s = m — 2 and s = m — 3 in order to determine the coefficients

a) and aj.

Neglecting systematically the higher order terms in €, we use a suitable counterclockwise
contour C enclosing all the solutions of the equations (5g) and (5/) to write the eta function
as (from now on it will be understood that this is the eta function up to the order €)

n(s; P, A) = Zd my [ g D

c 2mi

€p
g {ln ["’(k) <”’(k) [1 T 1/2>} e Tl )>]
€p
- [J”(k) (J”(k) [1 T 1/2>} b "(k)ﬂ}

—Zd (m)/ dk 0 { |:1_ €p L€ Jp(k)]
2 K(p+1/2)  p+1/27,(k)
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[ €p e J (k)“
—In|1+ —
k(p+ 1/2) p+1/2J,(k)

J
= Zd (mp~* —z -0 {ln [1 - i — p(zp)}
c 2w~ 3z zp(p+1/2)  p+1/2J,(zp)

€p e J(zp)
—In|1+ — .
p(p+1/2)  p+1/2J,(zp)
In the last equation we substituted £ = zp in order to allow later on for a straightforward

application of the formulae for the uniform asymptotic expansion of the Bessel functions.
Again, expanding up to the order € term, we write instead

dz 9 1 1 J)(zp)
P A) =2 s =91 p .
n(s; P, A) ezp:dp(m)p { z(p+1/2)+p+1/2J,,(Zp)}

i
c 2mi 9z

The next step in the procedure is to shift the contour towards the imaginary axis, turning the

Bessel function J, into the Bessel function /,,. In detail, we find

PA) = — 2 cos (T2 - T, 1_1;,<zp>}
n(s; P, A) = ncos<2>;dp(m)p (p+1/2) /0 dzz dz{z Tl

The residues of the eta function are completely determined by the asymptotic behaviour of
the Bessel functions (see [29] for details). Therefore we need to introduce some additional
notation dealing with the uniform asymptotic expansion of the Bessel function 7, (k). For
p — oo with z = k/p fixed, we make use of the uniform asymptotic expansion of the Bessel
function /,(zp) and the derivative / 1/7 (zp). In detail, the relevant results are [1]

1 el o 1 (1)
P T (T [“Z v }

=1

/ 1 e+ 12)1/4 vl(f)
P =1

GJ)

where

t=1/V1+22 and n=+v1+z22+In[z/(1+V1+2?)]. (5k)

Let up(t) = 1. We use the recursion relationship given in [1] to determine the polynomials
u;(t) and v;(¢) which appear in equations (5;) and (5k),

U (1) = %ﬂ(l —rz)u;(r>+% /0 dr(1 = 5t%)u (),

1
u) = u () +1(> = 1) |:§u,1(t) +tu}1(t)] .
In particular we have
ui(t) = gt — 217, v (1) = —3t+ L.

The required leading two contributions from the asymptotic expansion are then given by
2 d (1

Bo(s: P, A) =—— co s( )Zd m)p~*(p+1/2)~ ‘/ dzz " — {— (1 —\/1+z2)},
7T dz |z

2¢

_1(s; P, A) = — cos <7> de(m)p_j(l? +1/2)7"
p
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o) / 2
xf dzzsi{ 1+z (% [v1(t)—ul(f)])}
0

Z

€ S e o, ,d z
:—;cos(j);dp(m)p s 1(p+1/2) 1/0 dzz7°—

dz 1+22°
The integrals can be evaluated with the help of the beta function (see [24]). Using

r(-13)= )

the answers obtained are

€ <7TS>F(—%)F(1+

7 Zd m)p~(p+1/2)7"

F(1+

fF(

B_i(s; Py) = —7 de(m)p_s_l(p +1/2)7"
p

NED) Zd m)p~*(p+1/2)7"

The remaining summations are related to the spectrum on the sphere. Letd :=m — 1. We
define the base zeta-function ¢« and the Barnes zeta-function ¢z [6],

Lso(s) =D du(m)p™™  and  Cg(s,a) =) d(m)(n+a)”.

n=0

We then have the relation
( ) = —ld <2 - — 1)
Csa (s Y A .
s 2 o 2

Using the Barnes zeta-function, up to terms that are irrelevant for the present purpose because
their residues are located to the left of s = m — 3, we find

Bo(s; P, A) = (L) (+1’” 1) ! (+z’” 1)+
55 s+l, =-—1)—~ s+2, — — st
0 \/_F ('5+.s) {B 2 2;8 )
1 m
B_(s; P, A) = ——sed; {Q’B (s +2, — — 1) +] )
4 2
This reduces the analysis of the eta function on the ball to the analysis of {z(s, a). To compute

the relevant residues, we first express {z(s, a) as a contour integral. Let C be the Hankel
contour.

Z5(s, a) =Z<d+2_1) n+a)” = Z(a+l’l’l1 +-+my)”

n=0 m Nd

S) o e—at

The residues of {z(s, a) are mtlmately connected with the generalized Bernoulli polynomials
(381,

—at

d = (_t)nid (d)
Geni =D > — Bl (51)

n=0
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‘We use the residue theorem to see that

Res,—;¢5(s,a) = iBﬁ) (@), (5m)
: (z—=D!d - 2)! ‘
forz =1, ..., d. The required leading poles are
Ress—qlp(s,a) = ———, Res;—q-18p(s, a) = M-
d— 1) 2(d - 2)!
This shows
1 r(3)
Res By(d — 1; P, A) = —d;e ,
27 T (351) o - 2!
Res Bo(d — 2. P, A) = “d.c L) o=
Y 47 Jrr (2) m =2
Res B (d —2: P.A) = — Lq.e =3
47 (m—2)!

and these are all the terms contributing to the residues of n at s =d — 1 and s = d — 2.
Comparing with (5d) and (5e), after suitable rearrangements of the I'-function [24], we use
the doubling formula

22x—1 1
r2x) = N r'x)r (x + 5) ,

and I'(x + 1) = xI"(x), we read off

2 _ _l 16 _ ! 1— l -1
Cp = 4ﬂ(m), Cy = 2o =2 ( 2n(m )/S(m)).

This completes the proof of theorem 1.2.

Acknowledgments

Research of PG was partially supported by the MPI (Leipzig, Germany). KK acknowledges
support by the Baylor University Summer Sabbatical Program, by the Baylor University
Research Committee, and by the MPI (Leipzig, Germany). Research of JHP was supported
by Korea Science and Engineering Foundation Grant (R05-2003-000-10884-0).

References

(1]
[2]

[3]

[4]

[5]

Abramowitz M and Stegun I A 1964 Handbook of Mathematical Functions (Natl. Bur. Stand. Appl. Math. Ser.
vol 55) (Washington DC: US Govt Printing Office) (New York: Dover, reprinted in 1972)

Amsterdamski P, Berkin A and O’Connor D 1989 bg Hamidew coefficient for a scalar field Class. Quantum
Grav. 6 1981-91

Atiyah M F, Patodi V K and Singer I M 1975 Spectral asymmetry and Riemannian geometry I Math. Proc.
Camb. Phil. Soc. 77 43-69

Atiyah M F, Patodi V K and Singer I M 1975 Spectral asymmetry and Riemannian geometry II Math. Proc.
Camb. Phil. Soc. 78 405-32

Atiyah M F, Patodi V K and Singer I M 1976 Spectral asymmetry and Riemannian geometry III Math. Proc.
Camb. Phil. Soc. 79 71-9

Avramidi I G 1990 The covariant technique for the calculation of the heat kernel asymptotic expansion
Phys. Lett. B 238 92-7

Ball R and Osborn H 1986 Large mass expansions for one loop effective actions and fermion currents
Nucl. Phys. B 263 245-64



Eta invariants 8121

[6]
(7]

[8]

[9]
(10]
(1]
[12]
[13]
[14]
[15]

[16]

(17]
(18]
(19]

(20]
[21]

[22]
(23]

[24]
[25]

[26]
(27]

(28]
[29]

[30]
[31]
(32]
[33]

[34]
(35]

(36]
[37]

[38]
(391

Barnes E W 1903 On the theory of the multiple gamma function Trans. Camb. Phil. Soc. 19 374-425

Beneventano C G, Gilkey P, Kirsten K and Santangelo E M 2003 Strong ellipticity and spectral properties of
chiral bag boundary conditions J. Phys. A: Math. Gen. 36 11533-43

Beneventano C G, Santangelo E M and Wipf A 2002 Spectral asymmetry for bag boundary conditions J. Phys.
A: Math. Gen. 35 9343-54

Bordag M, Elizalde E and Kirsten K 1996 Heat kernel coefficients of the Laplace operator on the D-dimensional
ball J. Math. Phys. 37 895-916

Bordag M, Kirsten K and Dowker S 1996 Heat-kernels and functional determinants on the generalized cone
Commun. Math. Phys. 182 371-94

Branson T and Gilkey P 1992 Residues of the eta function for an operator of Dirac type J. Funct. Anal. 108
47-87

Branson T and Gilkey P 1992 Residues of the eta function for an operator of Dirac type with local boundary
conditions Diff. Geom. Appl. 2 24967

Camporesi R and Higuchi A 1996 On the eigenfunctions of the Dirac operator on spheres and real hyperbolic
spaces J. Geom. Phys. 20 1-18

D’Eath P D and Esposito G 1991 Spectral boundary conditions in one-loop quantum cosmology Phys. Rev. D
44 1713-21

Dowker J S and Kennedy G 1978 Finite temperature and boundary effects in static space-times J. Phys. A:
Math. Gen. 11 895-920

Dowker J S, Gilkey P B and Kirsten K 1999 Heat asymptotics with spectral boundary conditions Geometric
Aspects of Partial Differential Equations, Contemporary Mathematics vol 242 (Providence, RI: American
Mathematical Society) pp 107-24

Elizalde E, Odintsov S D, Romeo A, Bytsenko A A and Zerbini S 1994 Zeta Regularization Techniques with
Applications (Singapore: World Scientific)

Esposito G 1994 Quantum Gravity, Quantum Cosmology and Lorentzian Geometries (Lecture notes in Physics
mli2) (Berlin: Springer)

Forgacs P, O’Raifeartaigh L and Wipf A 1987 Scattering theory, U(1) anomaly and index theorems for compact
and non-compact manifolds Nucl. Phys. B 293 559-92

Gilkey P 1975 The spectral geometry of a Riemannian manifold J. Diff. Geom. 10 601-18

Gilkey P 1994 Invariance Theory, the Heat Equation, and the Atiyah—Singer Index theorem 2nd edn (Boca
Raton, FL: CRC Press)

Gilkey P 2004 Asymptotic Formulae in Spectral Geometry (Boca Raton, FL: CRC Press)

Gilkey P and Kirsten K 2003 Heat asymptotics with spectral boundary conditions II Proc. R. Soc. Edinb. A 133
333-61

Gradshteyn I S and Ryzhik I M 1965 Tables of Integrals, Series and Products (New York: Academic)

Grubb G and Seeley R 1995 Weakly parametric pseudodifferential operators and Atiyah—Patodi—Singer
boundary problems Invent. Math. 121 481-529

Grubb G and Seeley R 1996 Zeta and eta functions for Atiyah—Patodi—Singer operators J. Geom. Anal. 6 31-77

Hortagsu M, Rothe K D and Schroer B 1980 Zero-energy eigenstates for the Dirac boundary problem
Nucl. Phys. B 171 530-42

Jackiw R and Rebbi C 1976 Conformal properties of a Yang—Mills pseudoparticle Phys. Rev. D 14 517-23

Kirsten K 2001 Spectral Functions in Mathematics and Physics (Boca Raton, FL: Chapman and Hall/CRC
Press)

Lott J 1998 Eta and torsion Les Houches Session LXIV (1995) Quantum Symmetries ed A Connes, K Gawedzki
and J Zinn-Justin (Amsteredam: Elsevier) pp 947-55

Lott J 1984 Vacuum charge and the eta function Commun. Math. Phys. 93 533-58

McKean H P and Singer I M 1967 Curvature and the eigenvalues of the Laplacian J. Differ. Geom. 1 43-69

Moretti V 2003 Comments on the stress-energy tensor operator in curved spacetime Commun. Math. Phys. 232
189-221

Niemi A J and Semenoff G W 1986 Index theorems on open infinite manifolds Nucl. Phys. B 269 131-69

Niemi A J and Semenoff G W 1983 Axial-anomaly-induced fermion fractionization and effective gauge-theory
actions in odd-dimensional space-times Phys. Rev. Lett. 51 2077

Niemi A J and Semenoff G W 1984 Fractional fermion number at finite temperature Phys. Lett. B 135 121-4

Niemi A J and Semenoft G W 1986 Fermion number fractionization in quantum field theory Phys. Rep. 135
99-193

Norlund N E 1922 Mémoire sur les polynomes de Bernoulli Acta Math. 43 121-96

Paranjape M and Semenoff G 1983 Spectral asymmetry, trace identities and the fractional fermion number of
magnetic monopoles Phys. Lett. B 132 369-73



8122 P Gilkey et al

[40] Schleich K 1985 Semiclassical wave function of the universe at small three-geometries Phys. Rev. D 32 1889-98

[41] Seeley R T 1968 Complex powers of an elliptic operator Singular Integrals Proc. Symp. Pure Mathematics
(Chicago 1966) vol 10 (Providence, RI: American Mathematics Society) pp 288-307

[42] ’t Hooft G 1976 Computation of the quantum effects due to a four-dimensional pseudoparticle Phys. Rev. D 14
3432-50

[43] Wiesendanger C and Wipf A 1994 Running coupling constants from finite size effects Ann. Phys. 233 125-61



	1. Introduction
	2. Functorial properties
	3. A formula with universal coefficients
	4. The variation
	5. A special case calculation on the ball
	Acknowledgments
	References

